Operators preserving the determinant of real matrices were studied in [1], [2] and [5] under assumption that the operator is linear. In this paper the linearity of the operators is not assumed: we only assume that the operators are of the form F = [fi,j], where functions fij : J~ -> J~ for i,j = 1,2,... ,n and T is a field. In the matrix space M n {T) = jF" xn , we characterize these operators from M m , n {T) into itself preserving the determinant. An operator preserving the determinant of matrices must be linear as in [4] . The form of operator F is presented.
Introduction
Let N denotes the set of positive integer numbers. For fixed m, n 6 N by Mmn^) we denote the set ofmxn matrices over the field T. Finally, let
Mn{F) := Mn,n{f).
First of all let us introduce DEFINITION 1 . We say that an operator F : M n (J r ) -> M n (^r) defined by 
Preservers of the determinant
In the part of the paper we characterize the operators of the form (1) preserving the determinant. At the begining we prove LEMMA 1. Let F from M n (J r ) into itself is an operator of the form (1) Proof. For n = 1 if an operator F from Mi(^r) into itself of the form (1) preserves the determinant of matrices then fiti(x) = x for x € T. Let F from Mri{T) into itself for n > 2 of the form (1) be an operator preserving the determinant of matrices.
First we prove that every function /¿j for i,j = 1,2,..., n is of the form where dij, bij G T. Let us take an arbitrary fixed pair (k, I) such that k, I E {1, 2,..., n} and consider the function f^j.
Let a = (c(l), cr(2),..., cr(n)) be a permutation of the integer numbers 1,2,...,n. Let B\ € Mn(T) be a generalized permutation matrix with entries for
From the property of a generalized permutation matrix we obtain det(5i) where I p denotes the number of inverses of the permutation a.
Consider the matrix F(B\).
Using Laplace's theorem expanding about k-th row we get where the Dkti is cofactor of the element fk,i(x), whereas R^j is from Laplace's theorem the sum of the remaining products entries of the fc-th row by the corresponding cofactor. Thus both Dkj and R^j are constants and do not depend on the variable x. Because F is an operator preserving the determinant and det(i?i) = (-1) 7 px, then we have det (F(Bi)) = det and Putting x = 0 in (5) we have
Subtracting (5) and (6) we obtain
and Dk i / 0. From the above
and functions fkj are of the form (4), where d^ i ^ 0 for k, I = 1, 2,..., n.
Next we prove that all coefficients bkj for k,l = 1,2,... ,n are equal to zero.
Let us consider a matrix B2 € Mn(J-) with entries xtj £ T for i,j = 1,2, ...,n. Then using (4) the matrix F(B-z) has entries dijXij + btj for i, j = 1,2,... ,n. Because F is an operator preserving the determinant, we have det(52) = det(F(52)), i.e., n n
where Sn is the set of all permutations a = (a(l),a (2),... ,a(n)) of the integer numbers 1,2,..., n; Ip denotes the number of inverses of the permutation a. The formula (7) is an equality of two polynomials of n 2 variables Xij £ T, i, j = 1, 2,..., n. If two polynomials are equal then coefficients are equal, respectively. On the left side of (7) we have the term 1 • IliLi x i,c{i)\ on the right side there is IIILi ' IliLi x i,<?(i)-He nce we obtain (3) for every permutation a.
Let he {1,2,... ,71} be fixed. On the right side of (7) we find the term of n -1 variables nr=i i^k d i,a(i) x i,a{i)^k,a(k)-There is not this term on the left side of (7). Therefore n"=i i^k d i,<r{i) x i,<7{i)h,<r{k) = 0 holds. Prom (3) we have dj;<T(j) ^ 0 and we obtain bki<T(k) = 0 f°r arbitrary k £ {1, 2,..., n}. Because a was an arbitrary permutation, we obtain btJ = 0 for all i,j = 1, 2,..., n. m Let us denote by C the matrix Proof. For n = 1 the condition (9) is true. For n > 2 let us consider the minor -D3 = of the matrix C with arbitrarily fixed indices i,r,k, I such that 1 < i < r < n and 1 < k < I < n. Let us consider the generalization permutation matrix £4 6 Mn(.F) with entries 1 on positions (1, <r(l)), (2, cr (2)),..., (i -l,a(i -1)), (i, k), (i + 1, a{i + 1) ),... Proof. Prom Lemma 1, we infer that functions /tJ have the form (2) . For x = 1 we obtain that dij = Cij for i -1, 2,..., m, j = 1, 2,..., n and (11) holds. By Lemma 2, we obtain (9), and from Lemma 1, we get (3). Using Lemma 3 and (10) we obtain (12).
Conversely, assume that an operator F of the form (1) is defined by (11) and the assumptions (8), (9) and (12) 
